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Preface

In 1977 an engineer from General Motors asked me a question. I did not know it at the time,
but that question would change my life.

I was a Ph.D. student at MIT and General Motors was a sponsor of my research, which was
about adding short glass fibers to reaction injection molded polyurethanes. I was studying
the impingement mixing process, and I also explored the trade-offs between adding more and
longer fibers (to increase stiffness and decrease thermal expansion) or using fewer and shorter
fibers (to make mixing easier).

Researchers at General Motors were making plaques by hand and measuring mechanical prop-
erties. The question they asked was, “When we cut out samples in the mold filling direction
we get one set of properties, but when we cut samples perpendicular to that we get different
values. Which ones should we use?”

At the time I understood that they had flow-induced fiber orientation. However, we had no
way to quantify orientation effects, much less predict what they might be in a molded part.
Still, the question was a good one and it stayed with me.

A few years later, as a new assistant professor, I decided to work on flow-induced orientation.
It would be several years before I had a meaningful answer to the original question, and many
more years before fiber orientation software became available. The models and concepts that
underly those software packages are the subject of this book.

In my own work on fiber orientation I was helped by many people. I have dedicated this book
to three of them:

Nam P. Suh was my Ph.D. advisor at MIT, and later became President of the Korea Advanced
Institute of Science and Technology. He taught me that I should choose research problems
because they were important, and that working with industry is a great way to know which
problems actually matter. He also taught me to believe in my own ideas, and to be willing to
follow them even if they were unconventional. Professor Suh shaped my approach to research
in a powerful way, and I am grateful to count him as a mentor and friend.

K. K. Wang, professor at Cornell University and founder of the Cornell Injection Molding
Project (CIMP), set an example for doing research that was both industrially relevant and sci-
entifically rigorous—an example I have tried to follow. In my early career he advised me on
how to navigate the challenges of university-industry collaborations, and he has supported my
work in all its stages. He and his CIMP colleagues made seminal contributions to computer-
aided engineering for injection molding, and that field would not be what it is today without
him. All of us who use injection molding simulations owe K. K. a debt of gratitude.

Frederick A. Leckie was my colleague at the University of Illinois, and he is the person respon-
sible for orientation tensors. Fred’s office was next to mine, and when my students and I were
solving fiber orientation distribution functions in 2-D, Fred said, “You should use these ten-
sors that Turan Onat and I are using for microscopic damage in metals.” At first I was unable
to grasp the idea. However, one day Fred came in and said, “I was at home sick yesterday
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so I made some notes about how you could use tensors for your fibers.” He handed me one
sheet of paper with equations and sketches, and from that I was able to understand the con-
cept. My paper with Suresh Advani [AT87] was the eventual result. Orientation tensors have
since become the standard way to predict, measure or even talk about fiber orientation, but
without Fred’s generosity and persistence we might not have them today. Users of the DIGI-
MAT software will enjoy knowing that one of its principal creators, Prof. Issam Doghri, did his
post-doctoral studies with Prof. Leckie and benefitted in similar ways.

These mentors set a great example for me, and I tried to follow that example with my own
graduate students and post-docs. The ones who worked on fiber orientation or mold filling,
and who thus contributed to this book, are: Ahmed Adb El-Rahman, Suresh Advani, Alexander
Bakharev, Randy Bay, Peter Brown, Carolyn Wright Camacho, Che-Yang Chen, Robert Davis,
Scott Davis, Francisco Folgar, William Haverty, Henry Huynh, William Jackson, Tim Konicek,
Craig Korte, Ching-Chih Lee, Erwin Liang, Peter Loughlin, Mark Lovrich, Tim Osswald, Jay
Phelps, Chad Sandstrom, Douglas Smith, Gregorio Vélez-García, Brent VerWeyst, Jin Wang,
Eric Wetzel, Yeoung-Eun Yoo and Martin Zentner. Thank you for your hard work and your pa-
tience with my many requests. You have put your own stamp on this field, and I am proud of
each one of you.

I had the chance to collaborate with a number of colleagues from other universities, always
benefitting from their insights and ideas. From Purdue University I worked with Anthony
Favaloro, Michael Sangid and Bhisham Sharma; from Universidade Federal de São Carlos,
Brazil, Joaquim Cintra; from the University of Illinois at Urbana-Champaign, Daniel Tortorelli;
from the University of Minho, Portugal, Júlio Viana and António Cunha; and from Virginia
Tech, Donald Baird and Peter Wapperom. Thank you, my friends.

Following the pattern of my student years, I maintained industrial collaborations throughout
my research career. In addition to financial sponsorship, these connections were a source of
valuable insights, vital information and vibrant collaborations. These sponsors and collabo-
rators include Autodesk, Inc. (Franco Costa, Xiaoshi Jin, Peter Kennedy and Jin Wang); Delphi
Automotive Systems (John O’Gara and Michael Wyzgoski); Deere & Co.; Dow Chemical Com-
pany (Robert McGee and Selim Yalvaç); DuPont de Nemours, Inc. (Albert Hirsch); Ford Motor
Co. (Carl Johnson, Yang Li and Danielle Zeng); GenCorp (Jose Castro, Richard Griffith and
James Stevenson); General Electric Corp. (Vijay Stokes and Gerry Trantina); General Motors
Corp. (Martin Barone, David Caulk and Peter Foss); Moldex3D (Srikar Vallury and Anthony
Yang); Navistar International; Oak Ridge National Laboratory (Barbara Frame and Vlastimil
Kunc); Owens Corning Fiberglas Corp. (Robert Beck, Douglas Denton, Allan Isham and Donald
Sage); Pacific Northwest National Laboratory (Leo Fifield, James Holbery, Ba Nghiep Nguyen
and Mark Smith); Sundstrand Corp.; and Toyota North America (Umesh Gandhi). Additional
sponsors of my research include the American Chemistry Council, the National Science Foun-
dation, and the United States Department of Energy. I am indebted to all of them for their
support.

I would not have written this book without the generosity of some dear friends and colleagues.
Professors Tim Osswald and Lih-Sheng (Tom) Turng invited me to speak at the Polymer Sym-
posium at the University of Wisconsin-Madison in 2015. There I met Dr. Mark Smith from
Hanser, and we began discussing this book. At first I was hesitant to start the project. Then, in
2018, Prof. R. Byron Pipes invited me to give a series of lectures on orientation to the students
and staff of the Composites Manufacturing and Simulation Center at Purdue University. Devel-
oping materials for 14 hours of lectures and interacting with the students at CMSC convinced
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me that a text on orientation would be valuable, and those materials became the backbone
of this book. It took Mark Smith another two years to get me to the point of writing, but his
patience and persistence paid off. Tim, Tom, Byron and Mark, my thanks to all of you.

The images from CAE software in Chapt. 1 were created by Dr. Jin Wang of Autodesk, Inc., who
also provided important suggestions for the text. I am grateful for his help and for the support
of Dr. Franco Costa.

Doctors Armin Kech, Susanne Kugler and Thomas Riedel of Robert Bosch GmbH generously
provided the micro-CT data and images in Chapt. 3, sharpened my understanding of micro-CT
measurements, and also provided direct fiber simulation images and data for Chapt. 9. They
are at the forefront of technology in fiber orientation, and I greatly appreciate their assistance.

I am also grateful to my colleagues Bill Mischo and Mary Schlembach of the Grainger Engineer-
ing Library at the University of Illinois at Urbana-Champaign for cheerfully locating hard-to-
find references, and for maintaining a world-class resource for scholars. The team at le-tex
publishing services resolved many LATEX issues for me, and I thank them for making that part
of the work easy.

My wife, Laurie Tucker, is truly the better part of me. An author in her own right, she under-
stood what it would take for me to write this book, and she was unwavering in her support.
Thank you, my love. If we have another 47 years together it will not be enough.

As I write this, we have reached the 100th anniversary of George Barker Jeffery’s paper to the
Royal Society of London, The motion of ellipsoidal particles immersed in a viscous fluid [Jef22].
This paper is the foundation of all fiber orientation analysis. Jeffery was a mathematician who
was interested in exact solutions to physical problems, and he probably gave little thought to
practical applications of his work. A biographical memoir written shortly after Jeffery’s death
in 1957 [Tit58] gives no special mention to this paper. However, citations to it began to rise in
the 1960s, and it now receives more than 100 new citations each year. It is undoubtedly Jeffery’s
most important work. We can be grateful to Prof. Jeffery for solving a significant problem, once
and for all. In addition to his mathematical research, Jeffery devoted much of his professional
life to education and to the training of teachers. I like to think that he would be pleased with
the impact of his work on two counts: first, that it has been useful to so many people, and
second, that it has underpinned the training of many bright and capable students. We can all
hope for such a legacy.

Charles L. Tucker III Urbana, Illinois
January 2022
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1 Introduction

1.1 Discontinuous Fiber Composites
A composite is any material with two or more constituents that retain their identities in the
final material. Everyday examples range from plywood, which is layers of wood veneer glued
together, to concrete, a mixture of gravel and sand bonded by Portland cement.

Many composites contain fibers, often glass or carbon, embedded in a polymer matrix. When
the material must be as strong, stiff and light as possible, and when high manufacturing cost
can be tolerated, the fibers are continuous and are either aligned in thin layers much like ply-
wood, or woven into a fabric. Continuous fiber composites are widely used in aircraft, wind-
turbine blades, boat hulls, and in sporting goods such as tennis rackets, bicycles and golf clubs.

When manufacturing costs must be low or when the final component has a complex shape,
the fibers are cut or chopped into shorter lengths to create a discontinuous fiber composite
(DFC). The fibers and matrix polymer are combined when the matrix is in a liquid state, then
formed into final shape by processes like injection or compression molding. Discontinuous
fiber composites are used in business machines, power tools and many other products. In
automobiles they are used for body panels, structural components and under-the-hood com-
ponents. Since the 1970s the automotive industry has been the largest user of fiber reinforced
composites [GGOS20], and almost all automotive composites have discontinuous fibers. Dis-
continuous fiber composites are the focus of this book.

Many discontinuous fiber composites have thermoplastic matrices and are processed by in-
jection molding. These are often subdivided into short fiber/thermoplastics (SFTs) and long
fiber/thermoplastics (LFTs). Pellets of the short fiber materials are prepared by mixing the
fibers and matrix in a compounding extruder, and average fiber lengths are less than 1 mm.
Long fiber materials are prepared by impregnating a continuous fiber tow with the matrix resin,
usually by an extrusion process, then cutting the coated fibers to a length of approximately
12 mm to make pellets. Pellets of either type are processed in a conventional injection mold-
ing machine, where they are re-melted in the plasticizing screw and injected into the mold. For
LFT materials this substantially reduces the fiber length, but final lengths greater than 1 mm
are possible with careful processing. We examine both SFTs and LFTs in detail in this book.

Another important type of discontinuous fiber composite is sheet molding compound (SMC),
which has a thermosetting polymer matrix with chopped fibers. The molding compound is
initially produced by combining chopped fiber bundles, 25 to 50 mm long, with a liquid resin,
particulate filler and other chemicals at room temperature. The resin is allowed to thicken
until the sheet is can be handled but is still soft. Layers of this material are cut and stacked
in a specified shape, called the charge, then placed into a hot compression mold. Closing the
mold squeezes the charge, causing it to flow and fill the mold cavity, while heat from the mold
initiates a curing reaction that hardens the polymer. After one to two minutes, the mold is
opened and the solid part is removed.
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There are many other types of discontinuous fiber composites. In direct in-line processing of
long fiber/thermoplastic composites (D-LFTs) the polymer is melted in a compounding ex-
truder, and continuous glass fibers are added at a port partway down the extruder barrel. The
hot fiber/resin mixture is extruded from a die, cut into a strand, and placed immediately into
a mold where it is compression molded to final shape. This process can preserve fiber lengths
as long as 60 mm in the finished part.

With glass mat thermoplastic (GMT) composites, a mat of reinforcing fibers is impregnated
with a polymer resin and solidified into an initial sheet form. The fibers may be continuous,
woven or chopped. In a subsequent step, blanks cut from the sheets are re-heated, placed into
a compression mold and formed into final shape.

Discontinuous fiber composites are also used with additive manufacturing or 3-D printing.
This is most commonly done via fused-filament fabrication (FFF) or fused deposition model-
ing (FDM), in which a bead of molten polymer is extruded from a heated die and laid down on
the bed of the 3-D printer, where it solidifies. By moving the die and/or the printer bed, beads
of polymer are laid down in rows in the desired pattern. Subsequent layers are deposited on
top to create the final shape. By adding discontinuous fibers to the feed material, a fiber rein-
forced material can be printed [RHJS18, MGB+18, OBW+20].

Some composites are reinforced with disk-shaped particles such as glass flakes or ceramic
platelets. These materials are often processed by injection or compression molding. Because
the particles can orient under flow, these materials have the same connection between pro-
cessing, microstructure and properties as discontinuous fiber composites. The orientation
and mechanical property models in this book can be applied to these composites as well.

1.2 Processing, Microstructure
and Properties

While discontinuous fiber composites offer an attractive combination of mechanical proper-
ties, light weight and low cost, designing with them presents a challenge. This is because the
properties of a DFC component depend on how the final part is made.

Figure 1.1 shows an example. The two boxes in this figure were injection molded from the
same glass-fiber/polyamide SFT material using the same mold. However, one box is straight
and the other is badly warped. The difference is the location of the gate where the molten fiber/
polymer mixture first enters the mold cavity. The box on the left uses a film gate across the near
end, while the warped box on the right uses a small tab gate partway down the left side. The
two gate locations produce different mold filling patterns, which create different patterns of
fiber orientation in the two moldings.

For both moldings, the material is above room temperature when it solidifies, then cools to
room temperature after it is removed from the mold. The fibers reduce the thermal contraction
of the polymer matrix along their length, but have only a small effect in other directions. If
the fibers have a preferential orientation, then as the material cools it will contract less in the
fiber direction but more in the perpendicular direction. In the box on the right in Fig. 1.1, the
direction of fiber orientation is very different from one location to another, and this causes
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Figure 1.1 Two injection molded boxes. Photo by the author.

the box to warp as it cools. In the box on the left, the fibers are oriented in nearly the same
direction at all locations, so this box does not warp. Processing has affected the properties of
the material in these boxes.

A second example appears in Fig. 1.2, which shows stress-strain curves for samples of sheet
molding compound. All of the curves are for the same batch of material and were molded
to the same final thickness in the same rectangular plaque mold. However, some samples
were made by cutting the charge to nearly fit the mold, while other samples used charges with
smaller area but more layers. The charges were all designed to flow in only one direction as
they were compressed, as in Fig. 4.28(a). Also, the tensile specimens were cut from the plaques
so that some were loaded parallel to the flow direction (0◦), while some were loaded perpen-
dicular to the flow direction (90◦).
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Figure 1.2 Tensile stress-strain curves for samples of sheet molding compound with 65% by weight
of glass fibers. The legend gives the percentage of the mold area initially covered by the charge and
the direction of the tensile test relative to the flow. Data from [CT84].
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(a) 100% charge (b) 33% charge

Figure 1.3 X-ray images of two of the samples of sheet molding compound from Fig. 1.2. The flow
direction is horizontal and the fibers are 25 mm long [Che84].

These variations in processing and testing produce the wide range of properties seen in Fig. 1.2.
The strongest specimen has an ultimate tensile strength of 325 MPa, five times greater than the
strength of the weakest specimen, 73 MPa. The elastic moduli show similar large variations.

These property variations follow a pattern. For each initial charge shape, the material is
stronger and stiffer parallel to the flow, weaker and less stiff perpendicular to the flow. The
smaller the charge, the greater the difference between the two directions.

These differences in mechanical properties arise because of differences in fiber orientation.
Figure 1.3 shows X-ray images from two of the plaques. In these samples, some of the fibers
were made from a glass with a high lead content and are opaque to X-rays, so they appear
as dark fibers in the images. The fibers in the 100% charge sample are almost randomly ori-
ented, while fibers in the 33% charge sample have a strong horizontal (flow-direction) orien-
tation. Fibers reinforce the polymer matrix primarily along their axes. This makes the 33%
charge sample much stronger and stiffer than the 100% charge sample in the flow direction,
but weaker and less stiff perpendicular to flow. The other two charges have intermediate de-
grees of orientation and intermediate properties. Again, processing has a major effect on prop-
erties.

Discontinuous fiber composites present a striking contrast to materials like steel and alu-
minum, whose elastic moduli can be looked up in any materials handbook and are the same
in any direction. The properties of a discontinuous fiber composite depend on the amount of
flow, on the loading direction, and may vary from one location to another within a part.

How can one design with these materials? If we use only the minimum properties that can
occur in a molded part, the design will be overly conservative and the part will be heavy and
expensive. To use DFCs effectively, a designer must have good information about the actual
properties at each location in the component. This can depend on processing conditions and
part geometry, as well as on the intrinsic properties of the fiber and the matrix.

In these examples the connection between properties and processing is fiber orientation. If
we can predict how the fibers are oriented in a molded part and relate that orientation to the
mechanical properties at each location, we can determine how processing will affect the prop-
erties. We can then design components that use discontinuous fiber composites effectively.
The required calculations are complex, but computer-aided engineering software is available
to do most of the work.
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1.3 Computer-Aided Engineering Workflow
The most widely used computer-aided engineering tools for DFCs are for injection molding.
Many of these software packages can also simulate compression molding and can treat both
thermoplastic and thermosetting matrices.

With these software tools, each analysis starts from the final part geometry, represented by
a CAD solid model. This determines the shape of the mold cavity. An initial choice for the
material is specified, and the analyst adds some manufacturing-related information, such as
runners and gates for an injection mold, or the charge shape and location for compression
molding. The analysis then proceeds in three major steps:

1. A mold filling simulation calculates the velocity, pressure and temperature of the polymer/
fiber mixture as a function of time during filling, at all locations in the mold. Fiber orien-
tation predictions are integrated into this calculation, and also proceed step by step as the
mold fills. The fiber length distribution may be calculated, and the simulation may extend
into the packing and cooling phases of the process. Output from this step includes the fiber
orientation (and possibly fiber length distribution) at each location in the final part.

2. Mechanical property predictions use the fiber and matrix properties and the microstruc-
tural data from the first step to find direction-dependent properties (stiffness, thermal ex-
pansion, etc.) at each location in the final part.

3. A structural analysis is performed on the solid part using the finite element method. This
calculation incorporates the mechanical properties from the previous step on an element-
by-element basis. Multiple load cases may be analyzed to determine dimensional stability
of the part (warping and shrinkage), deflections under specified loads, local stresses and
loads at failure.

Figures 1.4 and 1.5 illustrate these steps for a water pump housing. The initial CAD model is
shown in Fig. 1.4(a). In this figure, gates have been added, and are indicated by the yellow
cones. A finite element mesh is then generated, dividing this geometry into small, three-di-
mensional elements. A portion of this mesh is shown in Fig. 1.4(b). The mold filling analysis
can then proceed. Figure 1.4(c) shows a portion of the filling pattern from this analysis. At this
instant in time the colored portion of the mold has been filled, and the colors indicate where
the flow front was at previous times.

A portion of the predicted fiber orientation pattern is shown in Fig. 1.5(a). The colored lines
show the main directions of orientation, with the red and yellow lines indicating highly aligned
fibers, and blue or green lines indicating more random orientations. A cutting plane has been
used to provide a view across the part thickness, and orientation does vary across the thickness.

This orientation information is converted into an elastic modulus value for each element in the
mesh, as shown in Fig. 1.5(c). Each element has direction-dependent properties, and the figure
shows the tensile modulus in the main fiber direction from Fig. 1.5(a). This modulus informa-
tion is used, together with an orientation-dependent thermal expansion for each element, to
calculate the size and shape of the part after it has cooled to room temperature. Deflections
from this calculation are shown in Fig. 1.5(c), with the deflections amplified 10× to make them
more visible. The base of the part is slightly curved, and the large hole in the center is no longer
perfectly round.

All of these analyses may be done in a single integrated software package, as in the example
above, or separate packages may be used with information flowing between them.
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(a) CAD model

(b) Finite element mesh near the gates

(c) Mold filling pattern

Figure 1.4 Initial steps in the CAE workflow for an injection molded, fiber reinforced part. Images
provided by Autodesk, Inc.
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(a) Fiber orientation near the gates (cutaway view)

(b) Tensile modulus in the main orientation direction

(c) Deflection after cooling

Figure 1.5 Additional steps in the CAE workflow for an injection molded, fiber reinforced part. Im-
ages provided by Autodesk, Inc.
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At any step, detailed results are viewed and interpreted. If the results do not meet design re-
quirements, one can revise the processing conditions, material choice or part design, then start
the analysis again. This cycle of analysis, interpretation and revision continues until a suitable
combination of part design, material and processing conditions has been found.

1.4 Scope and Organization of the Book
This book is written for users of CAE software who want to know how fiber orientation calcula-
tions work and how to use their software effectively. The primary focus is on calculation of fiber
orientation and fiber length within a mold filling simulation. We also discuss the simplest me-
chanical property calculations—linear elastic stiffness and thermal expansion—to show how
fiber orientation is connected to properties. The goal is to cover all the models that are used
in commercial software, explain their underlying concepts, and show when to use each option
and how to set the parameters for each model.

Another key audience is graduate students who are beginning research in this field. For these
readers the book provides an organized presentation of the state of the art as of this writing,
with selected references to recent research.

Flow and heat transfer models for mold filling are not discussed, as that information is avail-
able elsewhere [Ken95, ZTF11]. Similarly, we do not discuss finite element structural analysis.

While it is easy to see that fiber orientation affects properties, predicting those properties
quantitatively takes some effort. An essential step is to choose the right variables to describe
the microstructure. The best microstructural variables meet the following requirements:

■ They have a precise mathematical definition.

■ They can be measured experimentally.

■ The ways they change during processing can be modeled using physical principles.

■ Their effect on mechanical properties can be quantified, also using physical principles.

All of these requirements are met by the fiber orientation and length variables used in CAE
software, and this book is designed around them:

■ Chapter 2 defines the variables used to describe fiber orientation and fiber length. Chief
among these is the second-order orientation tensor. This is the principal tool used for fiber
orientation, and without it practical CAE tools for discontinuous fiber composites would
not exist. Fiber length distributions and fiber length averages are also presented.

■ Chapter 3 discusses how fiber orientation and fiber length are measured. For orientation
we cover both traditional measurements on planar sections and modern micro-CT mea-
surements. Methods for fiber length include burning off the matrix and micro-CT.

■ Chapter 4 discusses the orientation of single fibers and Jeffery’s equation. It also reviews
basic types of deformation, and shows how two simple rules can qualitatively explain the
orientation patterns in almost all situations.
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■ Chapter 5 explains how the orientation statistics for groups of fibers are predicted, and ex-
amines the models that are used in CAE software to make quantitative orientation predic-
tions.

■ Fibers can also alter the flow, and ways to model this are discussed in Chapt. 6. This requires
modeling the rheology of fiber suspensions.

■ Fiber length modeling is presented in Chapt. 7. These models are especially useful for LFT
materials, to help preserve as much fiber length as possible in the final part.

■ The connection between fiber orientation and mechanical properties is discussed in
Chapt. 8. The focus here is on linear elastic behavior and thermal expansion. Property
models for nonlinear stress-strain behavior, damage and failure also exist, but those topics
are outside the scope of the book.

■ Chapter 9 provides an overview of two advanced models from recent research. One, shear-
induced fiber migration, causes the fiber volume fraction to vary from point to point. Mod-
els of this type are now appearing in commercial software. The other, direct simulation of
multiple, interacting fibers, has the potential to affect how fiber orientation is modeled in
the future.

Readers are assumed to be familiar with fluid mechanics and material behavior at the level of
a bachelor’s degree in engineering, as well as calculus of multiple variables, differential equa-
tions and matrix algebra.

Tensors are the natural mathematical language for fiber orientation modeling and are used ex-
tensively here. Readers who are less familiar with tensors will find the discussion of orientation
tensors and the examples in Section 2.3 helpful. Appendix A summarizes the types of tensor
notation used in this book and shows how to perform mathematical operations involving ten-
sors. In practice, all of these calculations are done numerically by a computer, and Appendix A
shows how vector and tensor operations are carried out in MATLAB.

The cited references are either foundational papers or representative of recent research. No
attempt has been made to comprehensively review the literature, and there are many excellent
papers on fiber orientation and related topics that are not cited here.

Key ideas and equations appear in shaded boxes, and each chapter ends with a summary.

1.5 Accompanying Software
For readers who want to explore fiber orientation and mechanical property models in more
detail, a set of MATLAB functions is available at https://github.com/charlestucker3/Fiber-
Orientation-Tools. Most of the calculations in this book were performed using this toolkit,
and its capabilities are mentioned throughout the text. Documentation at that website gives
more information. Fiber orientation models in Python are provided by Meyer [Mey21].

https://github.com/charlestucker3/Fiber-Orientation-Tools
https://github.com/charlestucker3/Fiber-Orientation-Tools




2 Describing Fiber Orientation
and Fiber Length

The first step in dealing with fiber orientation is to describe it mathematically. We begin with
single fibers, then discuss statistical distributions of groups of fibers. For this, there are two
main options: probability density functions (also called fiber orientation distribution func-
tions) and orientation tensors. The tensor description is a key tool both for predicting orien-
tation and for presenting experimental data, and it plays a central role in the chapters that
follow.

Fiber length plays a role in properties as well. Here we discuss fiber length distributions and
different average values of fiber length.

2.1 Single Fiber Orientation
We primarily consider fibers that are straight and rigid (i.e., they do not bend by any noticeable
amount). Both glass and carbon fibers have circular cross-sections, so each fiber is a circular
cylinder. The orientation of any fiber is then described by the orientation of its symmetry axis.
The angles θ and φ, shown in Fig. 2.1, provide one way to do this.

An alternate description, which we will use extensively, is a unit vector p that points along the
fiber axis. This vector is also shown in Fig. 2.1. The components of this vector are p1, p2 and
p3, and they are related to the angles θ and φ according to


p1

p2

p3

=


sinθcosφ
sinθ sinφ

cosθ

 (2.1)

How can p have three components when only two angles are needed to describe the orienta-
tion of a fiber? p also has unit length, which requires that

p ·p = 1 or p2
1 +p2

2 +p2
3 = 1 (2.2)

Thus, only two components of p are independent.

While the vector p has a head and a tail, a fiber does not. As Fig. 2.2 shows, for any fiber there
are two equally valid ways to choose p. If the unit vector p1 describes a fiber, then so does the
vector p2 = −p1. Similarly, if a fiber has angles θ1 and φ1, we could also describe it as having
angles (θ2,φ2) where θ2 =π−θ1 and φ2 =φ1 +π. All equations that deal with fiber orientation
must respect these relationships.
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φ

θ

Figure 2.1 The angles θ and φ and the unit vector p that define the orientation of a single, rigid fiber
with respect to Cartesian coordinate axes.

Figure 2.2 The orientation of a single fiber is described by either p1 or p2, where p2 =−p1.

2.2 Distributions of Fiber Orientation
An injection molded short fiber composite can easily have 10,000 fibers per mm3, so for real-
istic composites we must consider many fibers. Describing the orientation of each individual
fiber would be a huge task, and is usually unnecessary. Instead, one describes the statistics of
the fiber orientation. This is most easily understood when all fibers lie in a plane, so we will
treat that case first, then generalize to three-dimensional fiber orientation.

2.2.1 Planar Orientation

Consider a composite where all fibers lie in the 1–2 plane. This is a good approximation for
compression molded sheet molding compound (SMC), where the fibers are long compared to
the final part thickness. For planar orientation all fibers have θ = π/2, and each fiber’s orien-
tation is described by a single angle φ. Similarly, the orientation vector p always has p3 = 0, so
p1 and p2 describe an individual fiber and p2

1 +p2
2 = 1.

Figure 1.3 showed two X-ray images of SMC samples. The orientations appear nearly random
in the sample on the left, and have a strong horizontal alignment in the sample on the right.
(The fibers are also not straight, an issue we will ignore for now and return to in Chapt. 9.)

One can measure the angle φ for many fibers and collect the data in a histogram, like those in
Fig. 2.3. Note that the data has been restricted to −90◦ <φ≤ 90◦. This is a typical way to treat
experimental data for planar orientation.

In Fig. 2.3 the histogram on the left indicates a mostly random orientation, while the histogram
on the right shows a strong tendency for fibers to have φ close to zero. This corresponds to our
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Figure 2.3 Histograms of orientation angle φ for 500 fibers measured from each of the samples in
Fig. 1.3 [CT84].

visual impressions of the X-ray images. Looking closely, the histogram on the left does show a
slight preference for the 0◦ direction compared to the 90◦ direction, a feature that is not easily
detected by looking at the X-ray image.

A histogram is a discrete approximation to the underlying probability density function for ori-
entation. For planar orientation states we will use ψφ(φ) to denote this function, which is also
called the orientation distribution function. This function is defined such that the probability
of any fiber having a φ value between some angle φ∗ and φ∗+dφ is

P (φ∗ ≤φ<φ∗+dφ) =ψφ(φ∗)dφ (2.3)

The function ψφ must satisfy some requirements for any orientation state. First, every fiber
must have some orientation, so the integral of ψφ over all values of φ must equal unity:∫ 2π

0
ψφ(φ) dφ= 1 (2.4)

We will refer to this as the normalization requirement. Also, because φ is equivalent to φ+π,
the orientation distribution function must be periodic with period π:

ψφ(φ+π) =ψφ(φ) (2.5)

If the fibers are randomly oriented in the plane, then all values ofφ are equally likely andψφ(φ)
is constant. The normalization requirement (2.4) then tells us that

ψφ(φ) = 1

2π
random-in-plane orientation (2.6)

2.2.1.1 Matching ψφ to Data
In later sections we will write equations for ψφ(φ) and develop models to predict it, so we will
want to be able to compare those predictions to experimental data like that in Fig. 2.3. This is
done by scaling the histogram data on the vertical axis. Let φi , i = 1, . . . ,n, be the angles at the
centers of the histogram bins, where n is the number of bins. Also assume that the bins span a
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total angle of π. Let ∆φ=φi+1 −φi be the bin width, which is the same for all bins, and let Ni

be the number of fibers assigned to the bin with φi . We know that the distribution function at
the center of bin i should be proportional to Ni ,

ψφ(φi ) = kNi (2.7)

where k is some constant of proportionality to be determined. We want the distribution func-
tion to satisfy the normalization condition, Eqn. (2.4), such that∫ 2π

0
ψφ(φ) dφ≈ 2

n∑
i=1

ψφ(φi )∆φ= 1 (2.8)

The factor of two appears in the second expression because the φi values span an angular
range of π, but the normalization requirement is written over the full range of 2π. Combining
Eqns. (2.7) and (2.8) gives the value of k and allows us to write the correspondence between
histogram data and the orientation distribution function:

ψφ(φi ) = Ni

2∆φ
∑n

j=1 Nj
(2.9)

While we often plot data withφ in degrees, the value of∆φ in this equation must be in radians.

2.2.2 Three-Dimensional Orientation

For three-dimensional orientation the set of all possible orientations (θ,φ) or p is the surface
of a unit sphere, as shown in Fig. 2.4. We will call this surface the orientation space.

The orientation distribution function for 3-D orientation, written asψ(θ,φ) orψ(p), is defined
such that the probability of a fiber lying between θ∗ and θ∗+dθ and between φ∗ and φ∗+dφ
is

P (θ∗ ≤ θ < θ∗+dθ,φ∗ ≤φ<φ∗+dφ) =ψ(θ∗,φ∗)sinθ∗ dθdφ (2.10)

The factor of sinθ∗ appears, as in any problem using spherical coordinates, because an incre-
ment dθdφ covers different amounts of area at different values of θ∗.
The integral of any function f (θ,φ), or equivalently f (p), over the orientation space can be
written in either of two equivalent ways:∫ π

θ=0

∫ 2π

φ=0
f (θ,φ) sinθ dθ dφ=

∮
f (p)dp (2.11)

In the latter expression, dp is a small solid angle corresponding to the small area on the surface
of the sphere sin(θ)dθdφ, as shown in Fig. 2.4. The p notation is compact and will be useful in
describing concepts, while the (θ,φ) notation is useful for deriving results algebraically or for
numerical calculations.

The normalization requirement for 3-D orientation is∮
ψ(p)dp = 1 or

∫ π

θ=0

∫ 2π

φ=0
ψ(θ,φ) sinθ dθ dφ= 1 (2.12)
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Figure 2.4 The unit-sphere orientation space for three-dimensional orientation. The gray shaded
region has area sin(θ)dθdφ= dp.

If the fibers are oriented randomly in space then all directions p are equally likely and ψ(p) is
constant. The surface area of a sphere with unit radius is 4π, so the normalization requirement
(2.12) tells us that

ψ(p) = 1

4π
3-D random orientation (2.13)

We saw in Section 2.1 that any fiber can be represented by two different p vectors or by two
different combinations of (θ,φ). This produces the periodicity requirement for 3-D orientation,
which is

ψ(p) =ψ(−p) or ψ(θ,φ) =ψ(π−θ,φ+π) (2.14)

Any point on the unit sphere must have the same value of ψ as the polar opposite point. If
we know ψ(p) on a hemisphere of the orientation space then we have complete information
about ψ.

In principle, ψ(p) can take on any form that satisfies the normalization and periodicity condi-
tions. In practice, the distribution functions for discontinuous fiber composites vary smoothly
with p and are reasonably well approximated by certain mathematical forms1. Figure 2.5 shows
the orientation distribution functions for three examples:

(a) The fibers are strongly oriented along the 1 axis, and the orientation is symmetric about
that axis. This is the type of alignment that occurs in a converging nozzle, where the flow is
in the 1 direction.

(b) Many fibers lie close to the 1–2 plane, but the orientation is not perfectly planar. The orien-
tation is symmetric about the 3 axis, with no preferred direction in the 1–2 plane. A biaxial
squeezing flow, as seen in some compression moldings, would create this type of alignment
by squeezing along the 3 axis.

(c) There is strong alignment in the flow (1) direction, with some spread in the crossflow (2)
direction but less spread in the thickness (3) direction. The direction of greatest orienta-

1 These forms are discussed in Section 2.4.
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(a) (b) (c)

Figure 2.5 Examples of 3-D orientation distribution functions. Lowest and highest values of ψ
are indicated by dark blue and yellow, respectively. (a) Axisymmetric alignment in the 1 direc-
tion. (b) Nearly planar alignment, uniformly distributed in the 1–2 plane. (c) Orientation similar to
the shell layer in an injection molded composite. The corresponding orientation tensors appear in
Eqns. (2.40–2.42).

tion is also tilted out of the 1–2 plane. This orientation state is similar to the shell layer in
an injection molded composite. It is created by simple shear flow in the 1 direction with
velocity changing in the 3 direction.

In all three examples in Fig. 2.5 the pattern on the front of the sphere is mirrored on the back
of the sphere, as required by the periodicity condition.

2.3 Orientation Tensors

2.3.1 Introduction

The distribution function ψ(p) contains a great deal of information, and even if we can calcu-
late or measure the full function, interpreting it is not a simple task. It would be very helpful to
have some kind of average, perhaps analogous to the mean or the standard deviation for scalar
data, to help describe and interpret orientation distributions.

The average value of p is not helpful in this regard. The sign of p is arbitrary and, because of
periodicity, each p should be cancelled by a corresponding −p, so the average value of p is
always equal to zero.

We could deal with the sign of p by averaging p squared, but there are several ways to multiply
a vector by itself. The dot product is not helpful because p ·p = 1 for every p, so an average of
dot products will aways equal unity. The cross product is also not helpful, since p×p = 0 for
any p, so an average of the cross products will aways equal zero.

A way to multiply p with itself that is useful here is the dyadic product. We will write this prod-
uct as pp, without an intervening symbol. This way of multiplying two vectors produces a
tensor whose i j component is the product pi pj , for all combinations of i and j . In matrix
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short fiber thermoplastics 1
shrinkage 5, 7
simple shear flow 82
– aligned-fiber suspension 181
– displacement functions 86
– fiber motion 93
– fiber suspension 183, 202
– finite deformation 87
– transient orientation data 168
sixth-order orientation tensor 36, 131
skin layer 57, 108
– prediction 110
sliding plate rheometer 201, 275
slip factor 161
slip model 161
– in rigid-body rotation 162
slit die rheometer 177
slow orientation kinetics 159
– flow-type model 168–170
– objective models 163
– parameter selection 165
– with anisotropic rotary diffusion 167
spherical harmonics 39
spheroid 91
squeeze flow 15
– anisotropic suspension 192
– lubricated 112
– non-lubricated 114
– planar 113
– radial 113
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SRF model 161
– in rigid-body rotation 162
stiffness models
– comparison 240, 241
– dilute Eshelby 236, 300
– general equation 233, 301
– Halpin–Tsai 237
– Lielens/double-inclusion 237
– Mori–Tanaka 236
– numerical analysis of RVE 238
stiffness tensor 224
– contracted notation 225
– homogenized 232
– symmetries 224
strain concentration tensor 233
– dilute Eshelby model 235, 300
– Lielens/double-inclusion 237
– Mori–Tanaka 236
strain rate 79
strain reduction factor 161
strain tensor 224
– contracted notation 225
– volume-averaged 232
strain-time scaling 203
– fiber breakage 208
– Folgar–Tucker model 131
– Jeffery’s equation 101
– shear-induced migration 263
stress-strain curve
– nonlinear predictions 258
– SMC data 3
stretch ratio 88
structural analysis 5
structure tensor 65
Suh, N. P. VII
summation rule 22, 283
surface traction 174
suspension balance model 265
– in injection molding software 267

T

target orientation tensor 151
technical constants 228
tensile test 228
– numerical, on RVE 239

– SMC data 3

– specimen 107

tensor 282

– anti-symmetric 284

– contraction, in MATLAB 293

– fourth-order 282

– inverse 286

– inverse, in MATLAB 292

– second-order 282

– symmetric 284

– trace 284

– trace, in MATLAB 292

– transpose 284

– transpose, in MATLAB 292, 293

tensor invariants 79

tensor shear strains 224

thermal expansion tensor 253

– from thermal stress tensor 255

– isotropic material 253

– transversely isotropic material 253

– vs. fiber volume fraction 254

thermal stress tensor 253

– average over fiber length 255

– average over fiber orientation 255

– general equation 254, 302

total fiber length 205

– conservation of 207, 215

total stress tensor 174, 223

– contracted notation 225

– symmetry 174

– volume-averaged 232

trace of a tensor 284

– in MATLAB 292

transformation matrix 26, 164, 287

– in contracted notation 291

transversely isotropic material

– engineering constants 230

– stiffness invariants 244

– stiffness tensor 227

transversely isotropic orientation

– on UBT triangle 134

triaxial orientation 134

Trouton ratio 176

two-constant ARD model 154

two-step homogenization 234
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U

UBT triangle 133
unbreakable fiber length 209, 213
uniaxial extensional flow 84
uniaxial orientation 134
unit tensor 283
unit vectors 281

V

vector 281
velocity field 77
velocity gradient tensor 77
viscosity
– extensional 176
– fiber suspension data 177
– Newtonian 174
– orientation-informed isotropic 198
– shear 175
– shear thinning fluid 175
Voigt average
– for fiber length 248
– for orientation 243
– of thermal stress tensor 255
– upper bound on stiffness 233
vorticity tensor 78
– cylindrical coordinates 294
voxel orientations 65
voxel size, micro-CT 64

W

Wang two-constant model 154
Wang, K. K. VII
warping 3, 5, 7
weight-average fiber length 40
– center-gated disk 219
– end-gated strip 217
– thickness-averaged 218
– with breakage 213–215
weight-based length distribution 40
– center-gated disk 220
– for averaging stiffness 248
– for averaging thermal stress 255
– LFT data 41
– SFT data 74
– with breakage 213–215
weighting function, method of ellipses 49
WLF equation 175

X

X-rays 4, 62

Y

Young’s modulus
– anisotropic material 228
– isotropic material 230
– LFT data 252
– SFT data 251
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